Abstract. We introduce a class of ultradifferentiable functions which contains Gevrey functions and study its basic properties. In particular, we investigate the continuity properties of certain (ultra)differentiable operators. Finally, we discuss microlocal properties in appropriate dual spaces.
Introduction
Since their introduction in the context of regularity properties of fundamental solution of the heat operator in [1] , Gevrey classes were used in many situations related to the general theory of linear partial differential operators such as hypoellipticity, local solvability and propagation of singularities. We refer to [6] for the definition and detailed exposition of Gevrey classes and their applications to the theory of linear partial differential operators. It is known that intersection (projective limit) of Gevrey classes contains the space of analytic functions, while its union (inductive limit) is contained in the class of smooth functions. However, there is a gap between the Gevrey classes and the space of smooth functions, so that in certain situations a more refined description of regularity might be useful. The purpose of this paper is to introduce a family of smooth functions which are less regular than the Gevrey functions, and to study its basic properties. The main motivation for our approach is that it can be used in the study of intermediate singularities between the classical C ∞ and the Gevrey type singularities, see Section 4.
We recall Komatsu's approach [4] and introduce a family of sequences of the form M In Section 3 we define the corresponding space of ultradifferentiable functions and study its basic properties. For example, we show that there exists a nontrivial smooth compactly supported function in our class which does not belong to Gevrey classes.
Recall the condition (M.2) provides the stability under the action of appropriate ultradifferentiable operators. Since M τ,σ p does not satisfy (M.2) we can not expect that our space is closed under the action of appropriate ultradifferentiable operators. However, the continuity holds if we observe an inductive limit with respect to one of the parameters, Theorems 3.2 and 3.3.
In Section 4 we discuss a new approach to the study of microlocal properties of ultradistributions in the context of the new class of ultradifferentiable functions.
Notation
Throughout the paper, we use the standard notation: nonnegative integers, integers, positive integers, real numbers, positive real numbers and complex numbers are denoted by N, Z, Z + , R, R + and C, respectively. The integer part (the floor function) of x ∈ R + is denoted by ⌊x⌋ := max{m ∈ N : m ≤ x}. d is an open set, and C ∞ (K) is the corresponding set of smooth functions on K, see [4] . Convolution is denoted with f * g(x) = ∫ R d f (x − y)g(y)dy, whenever the integral make sense.
For locally convex topological spaces X and Y we write X → Y when X ⊆ Y and the identity mapping from X to Y is continuous. If, in addition, X ̸ = Y then the embedding is strict. By X ′ we denote the strong dual of X and by ⟨·, ·⟩ X the dual pairing between X and X ′ . The set of continuous linear
there exists bounded sequences x ′ j ∈ X ′ (with respect to the strong topology)
and y j ∈ Y , j ∈ Z + , and a sequence λ j ∈ C, j ∈ Z + , such that
We refer to [11, Section III.7] and [8] for an extension of nuclear and quasi-nuclear mappings to arbitrary locally convex topological spaces.
Classical spaces of ultradifferentiable functions
We use Komatsu's approach to the theory of ultradistributions as follows, see [4] .
By M p = (M p ) p∈N we denote a sequence of positive numbers such that:
Then M p also satisfies weaker conditions:
is an ultradifferentiable function if on each compact subset K ⊂⊂ U there exist positive constants C and h such that
and its strong dual is the space of ultradistributions of Roumieu type of class M p . The space of ultradifferentiable functions of class {M p } with support in K is given by 
for some A, h > 0. Here, and in what follows, the Fourier transform u of a distribution u is normalized to be
, whenever the integral is well defined. If t = 1, then the Gevrey wave front set is sometimes called the analytic wave front set and denoted by W F A (u), u ∈ D ′{p!} (U ). We refer to [5, 6] for details.
New classes of ultradifferentiable functions
In this section we introduce new spaces of ultradifferentiable functions in an analogy to E {Mp} (U ) and D {Mp} (U ). We introduce more general sequences than the Gevrey type sequences p! t , t > 1, and begin our investigations by studying their basic properties. We start with a simple but useful Lemma.
and the left hand side inequality in (2.1) follows from the Stirling formula. The right hand side inequality in (2.1) follows directly from the Stirling formula:
for some B > 0.
Next we study properties of the sequence M
Proof. Note that (M.0) holds by the assumption and (M.3)
′ will be proved in Lemma 3.1.
We may assume that τ = 1 without loos of generality. The condition (M.1) obviously holds when p = 1. If p − 1 ∈ Z + then the sequence ln M p is convex since the second derivative of f (t) = t σ ln t, t > 0, is positive when t > e To prove (M.2) ′ we put σ = n + δ where n ∈ Z + and 0
By the binomial formula we have:
We will use the fact that for any α > 0 there exists
The first term on the right hand side of the inequality (2.2) can be estimated by
while for the second term we use
Now (2.3) and (2.4) imply (M.2) ′ by taking the exponentials in (2.2).
It remains to prove (M.2). From
by taking the exponentials we obtain (p + q) 
instead. Assume that (2.5) holds for M τ,σ p , and that τ = 1. Then, for p = q ̸ = 0, (2.5) gives
By taking the logarithm we obtain 2 
, and Lemma is proved.
Remark 2.2. In the theory of ultradifferentiable functions, for a given sequence 
for some C ′ , C ′′ > 0, h > 0 and for any given τ > 0, σ > 1.
Next we introduce a family of spaces of ultradifferentiable functions in an analogy to the spaces E {Mp} (U ) and
Then E τ,σ,h (K) is a Banach space with the norm given by
Then we define the spaces E τ,σ (U ) and D τ,σ (U )of ultradifferentiable functions as follows:
Remark 2.3. The spaces E τ,σ (U ) and D τ,σ (U ) can be represented as projective and inductive limits of a countable family of spaces as follows, cf. [4] . Let {K i } i∈N be a sequence of compact sets with smooth boundary such that
Remark 2.4. From Lemma 2.1 it follows that the norms (2.9) and
Obviously,
Moreover, the following proposition holds. 
Proof. Let τ > 0 be given and let ϕ ∈ E τ0,σ1,h (K) for some h, τ 0 > 0 and K ⊂⊂ U . Then (2.14)
Put ε := σ 2 − σ 1 . Then there is a constant C ε > 0 so that
and c h := max{1/h, 1}, we have (2.15) sup
whereT τ,σ is given in (2.7). Now by (2.14) and (2.15) it follows that E τ0,σ1,h (K) → E τ,σ2,h (K), for arbitrary τ, τ 0 > 0, which implies (2.13), the embedding obviously being strict.
As an immediate consequence we obtain that
Gevrey space of ultradifferentiable functions on U , then, for every τ > 0 and σ > 1 we have (2.17) 
Note that our classes are larger then Gevrey classes but their inductive limits with respect to τ and σ are continuously embedded in C ∞ (U ).
Basic properties of the new classes of ultradifferentiable functions
In this section we study the basic properties of E τ,σ (U ). In separate subsections we show that E τ,σ (U ) are non-quasianalytic and nuclear spaces, closed under differentiation and pointwise multiplication. Finally, we study the action of ultradifferentiable operators on E τ,σ (U ).
Compactly supported test functions
In this subsection we construct a compactly supported function in E τ,σ (U ) following the ideas presented in [5] . We begin by showing that the sequence M τ,σ p satisfies the non-quasianalyticity condition. 
The left hand side of (3.3) and
which implies (3.1).
Corollary 3.1. There exists a compactly supported function
ϕ ∈ E {τ,σ} (U ) such that 0 ≤ ϕ ≤ 1 and ∫ R d ϕ dx = 1.
Proof. Our goal is to construct a function in D τ,σ (U ) which is not in
for any t > 1. We follow the ideas from [5, Theorem 1.3.5], and repeat some steps of its proof to make the exposition self contained. We start with one dimensional case. Let χ be the characteristic function of interval (0, 1), and for c > 0 let H c (x) = 
for any continuous function f on R.
Further we set
and note that (3.4) implies m , p ≤ m−1. After applying p iterations of (3.5) and by using (3.6) we obtain
where (M.2) ′ is used in the last inequality.
From the uniform convergence it follows that the derivatives of u also satisfy (3.7), so that u ∈ D [0,a] τ,σ,C . Next, we extend this to higher dimensions by putting ψ(x) = u(x+a/2) and
fulfills the (M.1) property, we obtain 
t > 1, and for arbitrary large m ∈ N. In that case, the estimates in (3.7) would imply (k + 1)
σ , which is obviously not true for k large enough.
We refer to [5, Lemma 1.3.6] for a discussion about the precision of the presented construction.
Nuclearity
In this subsection we show that the spaces in (2.10) are nuclear. This is in agreement with Komatsu Proof. We follow the idea presented in [4] . Let ϕ ∈ E τ,σ,h (K) and let
where 
′ be given by
From [4, Lemma 2.3] it follows that the identity operator from
is quasi-nuclear. In particular, if we put
By (2.9), (3.8) and the righthand side of (3.9) we obtain
σ }, so the estimates (3.10), and (3.11) imply
We conclude that for every h > 0 there exists k > h such that the identity mapping
is quasi-nuclear, and the theorem is proved.
Algebra property
Since M τ,σ p satisfies properties (M.1) and (M.2) ′ we have the following.
Proposition 3.1. E τ,σ (U ) is closed under the pointwise multiplication of functions and under the (finite order) differentiation.
Proof. Let ϕ ∈ E τ,σ,h (K) and ψ ∈ E τ,σ,k (K) for some h, k > 1, and, for simplicity, assume that τ = 1.
We first show that (3.12)
where the last inequality follows from |β| ≤ |α| and
Now (3.12) follows from (3.13). By the Leibnitz formula and (M.1) we have
Now ϕψ ∈ E τ,σ (U ) follows from (3.12).
Next, for any β ∈ N d , x ∈ K and h > 1 we have
where we used (M.2) ′ in the last inequality, which proves the Proposition. 
is also continuous and linear.
Ultradifferentiable property
In this subsection we study the continuity properties of certain ultradifferentiable operators P (x, ∂) acting on E τ,σ (U ). Recall, if the defining sequence 
is closed under action of P (x, ∂). In particular, the mapping
is continuous.
Proof. Let ϕ ∈ E τ,σ,h (K) for some h > 0. Then using (M.2) we have
where x ∈ K and C is the constant in (M.2). Now we choose L > 0 such that
and the theorem is proved.
By the use of (M.1) we are able to extend Theorem 3.2 to a class of operators with non-constant coefficients. P
, and for every K ⊂⊂ U there exists h > 0 such that for any L > 0 there exists A > 0 such that
Proof. We are following the idea given in the proof of Theorem 2.4 in [3] . Let a α ∈ E τ,σ,h (K), α ∈ N d , so that (3.18) holds, and let ϕ ∈ E τ,σ,k (K), for some k > 0 which will be determined later on. Then, by (M.1) ′ and (M.2) we obtain
for some constant C > 0 which does not depend on α, β and K and we put
It remains to estimate C h,k,β . Without loss of generality we may assume that h > 1 and k ≥ h. Since
By choosing L > 0 such that LCk 2 σ−1 < 1/2 holds and then taking the sum with respect to α and the supremum with respect to β and x ∈ K, we obtain
for someC > 0, where l = 2Ck 
Motivation
To conclude this paper, we present a motivation for studying E τ,σ (U ) which comes from microlocal analysis. It is known that for a Schwartz distribution u we have
where WF t , t > 1 is the Gevrey wave front set, WF A is the analytic wave front set (see Introduction), and WF is the standard C ∞ wave front (see [5, 7] ). In [6] , the inclusion on the righthand side of (4.1) is extended to Gevrey type ultradistributions.
In the existing literature there are no wave front sets which detect singularities that are "heavier" than classical C ∞ singularities and "lighter" than Gevrey type singularities. The "heavier" singularities related to t < 1 are considered in [9] . The "lighter" singularities can be studied within the framework of E τ,σ (U ) and its dual space of Roumier ultradistributions. Let us explain the main idea of our approach and leave more details to the forthcoming paper [10] In the study of regularity properties (as opposed to the singularity properties) of a function (or of a distribution), one is interested in the points (x 0 , ξ 0 ) in which the decrease of | uϕ(ξ)| (ϕ = 1 in a neighborhood if x 0 ) is faster than |ξ| −N , |ξ| → ∞, for any N ∈ N, but, at the same time, slower than e −|ξ| 1/t , |ξ| → ∞, for any t > 1. In other words, u is locally more than being C ∞ , but less than being Gevrey ultradifferentiable.
We therefore start with the following decay properties on the Fourier transform side. Let u ∈ D for some A, h > 0 and ξ ∈ R d \{0}. We note that the condition (4.3) is related to the Gevrey wave front WF t , that is to the Gevrey type regularity for t > 1 (see Introduction).
Next, note that if in (4.2) we put N 1/t instead of N we get
We call this process enumeration. We may also say that after the left hand side enumeration N → N 1/t , (4.2) is equivalent to local analyticity. If we now apply the same enumeration N → N 1/t in (4.4) then we obtain Moreover, when τ > 0 and σ > 1, we propose a new regularity condition:
By similar arguments as above we note that after the enumeration N → τ N σ , the condition (4.8) is equivalent to 
